Coordinate Geometry 99

3.6 COORDINATE GEOMETRY

COORDINATE GEOMETRY FORMULAS
Given two points (x,, y,) and (x,, ys):
e The distance between the points is \[(;2 -y ) +(yo ~ y1)2

e The midpoint of the segment joining the points is
(xl +Xg 1Yy + Yy )

2 2
Yo — 1
e The slope of the segment joining the points is %;——-i—' ;
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DIVIDING A SEGMENT PROPORTIONALLY

A directed segment is one that has a specified starting point and end-

ing point. We can divide a directed segment into parts that are in any

X711 and ratio = 421

xg—x Y2~y
For example, given J(1,-2) and K(11, 3), find the coordinate (x, y)

of point L that divides JK in a 2:3 ratio.

given ratio using the two proportions ratio =

J(1,-2)  Lixy) K(11.3)

e Use the coordinates of | for point 1 and the coordinates of K for
point 2.

=1 xp= 11 y;=-2 and y, =3
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Lesson 3: Lines That Pass Through Regions

Classwork
Opening Exercise

How can we use the Pythagorean theorem to find the length of AB, or in other words, the distance between A(-2,1)
and B(3,3)? Find the distance between A and B.

(33)

/

(-21)

Example 1

Consider the rectangular region:

(15,7)

(1,2)
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a. Does a line of slope 2 passing through the origin intersect this rectangular region? If so, which boundary
points of the rectangle does it intersect? Explain how you know.

1
b. Does a line of slope > passing through the origin intersect this rectangular region? If so, which boundary points

of the rectangle does it intersect?

1
c. Does a line of slope E passing through the origin intersect this rectangular region? If so, which boundary points

of the rectangle does it intersect?

d. Aline passes through the origin and the lower right vertex of the rectangle. Does the line pass through the
interior of the rectangular region or the boundary of the rectangular region? Does the line pass through both?

e. For which values of m would a line of slope m through the origin intersect this region?

f.  For which values of m would a line of slope m through the point (0,1) intersect this region?
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Example 2

Consider the triangular region in the plane given by the triangle with vertices
A(0,0), B(2,6), and C(4,2).

a. The horizontal line y = 2 intersects this region. What are the
coordinates of the two boundary points it intersects? What is the
length of the horizontal segment within the region along this line? NN

b. Graphtheline 3x — 2y = 5. Find the points of intersection with the boundary of the triangular region, and
label themas X and Y.

c.  What is the length of the XY?

d. Arobot starts at position (1,3) and moves vertically downward toward the x-axis at a constant speed of
0.2 units per second. When will it hit the lower boundary of the triangular region that falls in its vertical path?
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Exercise

Consider the given rectangular region:
A B(4,4)

D
(' 1!1)

a. Draw lines that pass through the origin and through each of the vertices of the rectangular region. Do each of
the four lines cross multiple points in the region? Explain.

b.  Write the equation of a line that does not intersect the rectangular region at all.

c. Arobotis positioned at D and begins to move in a straight line with slope m = 1. When it intersects with a

boundary, it then reorients itself and begins to move in a straight line with a slope of m = -5 What is the

location of the next intersection the robot makes with the boundary of the rectangular region?

d. Whatis the approximate distance of the robot’s path in part (c)?
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Problem Set

1. Alineintersects a triangle at least once, but not at any of its vertices. What is the maximum number of sides that a
line can intersect a triangle? Similarly, a square? A convex quadrilateral? A quadrilateral, in general?

2. Consider the rectangular region:

a.  What boundary points does a line through the origin with a A
slope of —2 intersect? What is the length of the segment
within this region along this line?

Vv

b. What boundary points does a line through the origin with a (=3,-1
slope of 3 intersect? What is the length of the segment
within this region along this line?

c.  What boundary points does a line through the origin with a

1.
slope of — 3 intersect?

(Gl
d.  What boundary points does a line through the origin with a

1
slope of " intersect?

3. Consider the triangular region in the plane given by the triangle (—1,3), (1, —2), and (-3, —3).
a. The horizontal line y = 1 intersects this region. What are the coordinates of the two boundary points it
intersects? What is the length of the horizontal segment within the region along this line?
b.  What is the length of the section of the line 2x + 3y = —4 that lies within this region?

c. Ifarobot starts at (—1,3) and moves vertically downward at a constant speed of 0.75 units per second, when
will it hit the lower boundary of the triangular region?

d. Ifthe robot starts at (1, —2) and moves horizontally left at a constant speed of 0.6 units per second, when will
it hit the left boundary of the triangular region?

4. A computer software exists so that the cursor of the program begins and ends at the origin of the plane. A program
is written to draw a triangle with vertices A (1,4), B(6,2), and C(3,1) so that the cursor only moves in straight lines
and travels from the origin to A, then to B, then to C, then to 4, and then back “home” to the origin.

a. Sketch the cursor’s path (i.e., sketch the entire path from when it begins until when it returns “home”).

b. What is the approximate total distance traveled by the cursor?

2
c. Assume the cursor is positioned at B and is moving horizontally toward the y-axis at 3 units per second.

How long will it take to reach the boundary of the triangle?

5. An equilateral triangle with side length 1 is placed in the first quadrant so that one of its vertices is at the origin, and
another vertex is on the x-axis. A line passes through the point half the distance between the endpoints on one side
and half the distance between the endpoints on the other side.

a. Draw a picture that satisfies these conditions.

b. Find the equation of the line that you drew.
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